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FURTHER COMMENTS ON A FIXED POINT THEOREM IN THE
FRACTAL SPACE
NGUYEN VAN DUNG AND WUTIPHOL SINTUNAVARAT
Abstract. In this paper, we give some further comments to the counterexample and
the results of R. K. Bisht in [R. K. Bisht. Comment on: A new fixed point theorem in
the fractal space. Indag. Math. (N.S.), 29(2):819–823, 2018.].
In [8], S. Ri presented some generalizations of the Banach contraction principle in
which the Lipschitz constant k is replaced by some real-valued control function. For
the applications to the fractal, the author obtained the fixed point theorem of the some
generalized contraction in the fractal space. Then the results have been improved and
applied in metric fixed point theory and fractals [1], [4], [5], [6], [7], [9]. Recently, in [2]
R. K. Bisht gave a counterexample in without proof to [8, Lemma 2.2] and improved the
result of S. Ri by employing a proper setting.
In this note, by recalculating the counterexample of R. K. Bisht, we show that the
counterexample is not correct. We also present some comments to the main results in [8]
and [2].
For being convenient, we use the same terminology and the notations as have been
utilized in [8]. To prove the main result of [8], see [8, Theorem 2.1], S. Ri utilized the
following lemma.
Lemma 1 ([8], Lemma 2.2). Assume that the following conditions hold.
(1) (X, d) is a metric space.
(2) ϕ : [0,∞) → [0,∞) is a function with ϕ(0) = 0, ϕ(t) < t for all t > 0,
lim sup
s→t+
ϕ(s) < t for all t > 0.
(3) f : X → X is a map such that for all x, y ∈ X,
d(f(x), f(y)) ≤ ϕ(d(x, y)). (0.1)
Then for each x ∈ X, the sequence {fn(x)} is a Cauchy sequence.
Theorem 2 ([8], Theorem 2.1). Assume that the following conditions hold.
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(1) (X, d) is a complete metric space.
(2) ϕ : [0,∞) → [0,∞) is a function with ϕ(0) = 0, ϕ(t) < t for all t > 0,
lim sup
s→t+
ϕ(s) < t for all t > 0.
(3) f : X → X is a map such that for all x, y ∈ X,
d(f(x), f(y)) ≤ ϕ(d(x, y)). (0.2)
Then f has a unique fixed point.
To disprove Lemma 1 above, R. K. Bisht gave the following counterexample without
proof.
Example 3 ([2], Example 1.2). Let X =
{ n∑
k=1
1
k
: n = 1, 2, 3, . . .
}
and d be the usual
metric on X . Define f : X → X and ϕ : [0,∞)→ [0,∞) by ϕ(t) = t
1+t
for all t ∈ [0,∞)
and
f
( n∑
k=1
1
k
)
=
n+1∑
k=1
1
k
.
Then we have
(1) f and ϕ satisfy all the conditions of Lemma 1.
(2) The sequence {fn(x)} is not a Cauchy sequence with x = 1.
Unfortunately, we find that for x = 1 and y = 1 + 1
2
+ 1
3
,
d(f(x), f(y)) = d
(
1 +
1
2
, 1 +
1
2
+
1
3
+
1
4
)
=
1
3
+
1
4
=
7
12
,
ϕ (d(x, y)) = ϕ
(
d
(
1, 1 +
1
2
+
1
3
))
= ϕ
(
1
2
+
1
3
)
= ϕ
(
5
6
)
=
5
6
1 + 5
6
=
5
11
.
Then d(f(x), f(y)) = 7
12
> 5
11
= ϕ(d(x, y)). This proves that the condition (0.1) of
Lemma 1 does not hold. Then Example 3 is not correct. However, Theorem 2 still holds.
R. K. Bisht also proved the following results.
Theorem 4 ([2], Theorem 2.1). Assume that the following conditions hold.
(1) (X, d) is an f -orbitally complete metric space.
(2) There exists x0 ∈ X and ϕx0 : (0,∞) → (0,∞) is a function with ϕx0(t) < t and
lim sup
s→t+
ϕx0(s) < t for all t > 0.
(3) f : X → X is a map such that for all x, y ∈ O(x0, f) with x 6= y,
d(f(x), f(y)) (0.3)
≤ ϕx0
(
max{d(x, y), ad(x, f(x)) + (1− a)d(y, f(y)), (1− a)d(x, f(x)) + ad(y, f(y))}
)
,
where O(x0, f) is the closure of O(x0, f) = {x0, fx0, f
2x0, f
3x0, . . .} and 0 < a < 1.
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Then we have the following assertions.
(1) The sequence {fn(x0)} is a Cauchy sequence in X and lim
n→∞
fn(x0) = z ∈ X.
(2) If f is orbitally continuous at z then z is a fixed point of f .
(3) z is the unique fixed point of f in O(x0, f).
Theorem 5 ([2], Theorem 2.3). Assume that the following conditions hold.
(1) (X, d) is an f -orbitally complete metric space.
(2) There exists x0 ∈ X and ϕx0 : (0,∞) → (0,∞) is a function with ϕx0(t) < t and
lim sup
s→t+
ϕx0(s) < t for all t > 0.
(3) f : X → X is a map such that for all x, y ∈ O(x0, f) with x 6= y,
d(f(x), f(y)) ≤ ϕx0
(
max{d(x, y), d(x, f(x)), d(y, f(y))}
)
, (0.4)
where O(x0, f) is the closure of O(x0, f) = {x0, fx0, f
2x0, f
3x0, . . .}. Then we have the
following assertions.
(1) The sequence {fn(x0)} is a Cauchy sequence in X and lim
n→∞
fn(x0) = z ∈ X.
(2) If f is orbitally continuous at z then z is a fixed point of f .
(3) z is the unique fixed point of f in O(x0, f).
We have some comments on Theorem 4 and Theorem 5 as follows.
(1) Theorem 2 assumes the conditions for the complete metric space X while Theo-
rem 4 and Theorem 5 assume the condition for the complete metric space O(x0, f).
The calculations are the same. This idea first appeared in [3].
(2) The function ϕ is from [0,∞) to [0,∞) in Theorem 2 and the function ϕx0 is from
(0,∞) to (0,∞) in Theorem 4 and Theorem 5, then the condition (0.3) and the
condition (0.4) are for x 6= y to satisfy that ϕx0 is not defined at 0.
(3) The assumption of orbital continuity at z of f in Theorem 4 is redundant. Indeed,
from (0.3) and ϕx0(t) < t for all t > 0, we have for all x, y ∈ O(x0, f),
d(f(x), f(y)) ≤ max{d(x, y), ad(x, f(x))+(1−a)d(y, f(y)), (1−a)d(x, f(x))+ad(y, f(y))}.
Note that z ∈ O(x0, f). So we have
d(fn+1(x0), f(z)) ≤ max{d(f
n(x0), z), ad(f
n(x0), f
n+1(x0)) + (1− a)d(z, f(z)),
(1− a)d(fn(x0), f
n+1(x0)) + ad(z, f(z))}. (0.5)
Letting n→∞ in (0.5) and using lim
n→∞
fn(x0) = z we have
d(z, f(z)) ≤ max{(1− a)d(z, f(z)), ad(z, d(z))} = max{(1− a), a}d(z, f(z)). (0.6)
Note that 0 < a < 1. So from (0.6) we get d(z, f(z)) = 0, that is, z is a fixed
point of f .
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(4) The assumption of orbital continuity at z of f in Theorem 5 is also redundant.
Indeed, if there exists n0 such that f
n(x0) = z for all n ≥ n0, then z is a fixed
point of f . Otherwise, the exists a subsequence {fkn(x0)} of {f
n(x0)} such that
fkn(x0) 6= z for all kn. Moreover, the subsequence can be chosen such that the
sequence {d(fkn(x0), z)} is decreasing to 0. Then, from (0.4) and z ∈ O(x0, f), we
have
d(fkn+1(x0), f(z)) ≤ ϕx0
(
max{d(fkn(x0), z), d(f
kn(x0), f
kn+1(x0)), d(z, f(z))}
)
.(0.7)
Note that the sequence
{
max{d(fkn(x0), z), d(f
kn(x0), f
kn+1(x0)), d(z, f(z))}
}
is
decreasing to d(z, f(z)). Suppose to the contrary that d(z, f(z)) > 0. Then letting
n→∞ in (0.7) and using lim sup
s→t+
ϕx0(s) < t for all t > 0, we have
d(z, f(z)) ≤ lim sup
n→∞
ϕx0
(
max{d(fkn(x0), z), d(f
kn(x0), f
kn+1(x0)), d(z, f(z))}
)
< d(z, f(z)).
This is a contradiction. So d(z, f(z)) = 0, z is a fixed point of f .
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